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a b s t r a c t
Let G be a finite simple graph with p vertices and q edges. A vertex magic total labeling is a
bijection from V (G)∪ E(G) to the consecutive integers 1, 2, 3, . . . , p+ qwith the property
that for every u ∈ V (G), f (u)+v∈N(u) f (uv) = k for some constant k. Such a labeling is
E-super if f (E(G)) = {1, 2, 3, . . . , q}. A graph G is called E-super vertex magic if it admits
a E-super vertex magic labeling. In this paper, we study some basic properties of such
labelings and we establish E-super vertex magic labeling of some families of graphs. The
main focus of this paper is on the E-super vertex magicness of Hm,n and on some necessary
conditions for a graph to be E-super vertex magic.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, we consider only finite simple undirected graphs. The set of vertices and edges of a graph Gwill be denoted
by V (G) and E(G) respectively, p = |V (G)| and q = |E(G)|. For graph theoretic notations, we follow [6,12].
A labeling of a graph G is a mapping that carries a set of graph elements, usually the vertices and edges into a set of
numbers, usually integers. Many kinds of labelings have been studied and an excellent survey of graph labeling can be
found in [3].
Sedláček [9] introduced the concept ofmagic labeling. Suppose that G is a graphwith q edges.We shall say that G is magic
if the edges of G can be labeled by the numbers 1, 2, 3, . . . , q so that the sum of labels of all the edges incident with any
vertex is the same.
MacDougall et al. [7] introduced the concept of vertex magic total labeling. If G is a finite simple undirected graph with p
vertices and q edges, then a vertex magic total labeling is a bijection f from V (G)∪ E(G) to the integers 1, 2, . . . , p+ qwith
the property that for every u in V (G), f (u) +v∈N(u) f (uv) = k for some constant k. They studied the basic properties of
vertex magic graphs and showed some families of graphs having a vertex magic total labeling.
MacDougall et al. [8] introduced the concept of super vertex magic total labeling. They call a vertex magic total labeling
is super if f (V (G)) = {1, 2, 3, . . . , p}. In this labeling, the smallest labels are assigned to the vertices. They showed
that a (p, q)-graph that has a super vertex-magic total labeling with magic constant k satisfies the following conditions:
k = (p + q)(p + q + 1)/v − (v + 1)/2; k ≥ (41p + 21)/18; if G is connected, k ≥ (7p − 5)/2; p divides q(q + 1) if p is
odd, and p divides 2q(q+ 1) if p is even; if G has even order either p ≡ 0 (mod 8) and q ≡ 0 or 3 (mod 4) or p ≡ 4 (mod 8)
and q ≡ 1 or 2 (mod 4); if G is r-regular and p and r have opposite parity then p ≡ 0 (mod 8) implies q ≡ 0 (mod 4)
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and p ≡ 4 (mod 8) implies q ≡ 2 (mod 4). They also show: Cn has a super vertex-magic total labeling if and only if n is
odd; and no wheel, ladder, fan, friendship graph, complete bipartite graph or graph with a vertex of degree 1 has a super
vertex-magic total labeling. They conjectured that no tree has a super vertex magic total labeling and that K4n has a super
vertex magic total labeling when n > 1. The later conjecture was proved by Gómez in [4].
Swaminathan and Jeyanthi [10] introduced a concept with same name of super vertex magic labeling. They call a vertex
magic total labeling is super if f (E(G)) = {1, 2, . . . , q}. Note that the smallest labels are assigned to the edges. They proved
the following: Pn is super vertex magic if and only if n is odd and n ≥ 3; Cn is super vertex magic if and only if n is odd; the
star graph is super vertex magic if and only if it is P2; and mCn is super vertex magic if and only if m and n are odd. In [11]
they proved the following: no super vertex magic total graph has two or more isolated vertices or an isolated edge; a tree
with n internal edges and tn leaves is not super vertex magic total if t > n+1n ; the graph obtained from a comb by appending
a pendant edge to each vertex of degree 2 is super vertex-magic total; the graph obtained by attaching a path with t edges
to a vertex of an n-cycle is super vertex magic total if and only if n + t is odd. The use of the word ‘‘super’’ was introduced
in [2].
MacDougall et al. [8] and Swaminathan and Jeyanthi [10] introduced different labelings with same name super vertex
magic total labeling. To avoid confusion, we call a vertex magic total labeling is E-super if f (E(G)) = {1, 2, 3, . . . , q}. Note
that the smallest labels are assigned to the edges. A graph G is called E-super vertexmagic if it admits a E-super vertexmagic
labeling. In this paper, we study some of the basic properties of E-super vertex magic graphs and also prove the existence
or nonexistence of E-super vertex magic labeling for some families of graphs. In particular, we discuss the E-super vertex
magicness ofm-connected graph Hm,n on n vertices.
Nowadays the communicationnetwork is a very fast growing area. Ifwe think of a graph as representing a communication
network, the connectivity becomes the smallest number of communication stations whose breakdown would jeopardies
communication in the system. The higher connectivity, the more reliable the network. From this point of view, a tree
network, such as the one obtained by Kruskal’s algorithm, is not very reliable, and one is led to consider the following
generalization of the connector problem.
Let k be a given positive integer and let G be a weighted graph. Determine a minimum weight k-connected spanning
subgraph of G. For k = 1, this problem reduces to the connector problem, which can be solved by Kruskal’s algorithm. For
values of k greater than one, the problem is unsolved and is known to be difficult. However, if G is a complete graph in
which each edge is assigned unit weight, then the problem has a simple solution. Observe that, for a weighted complete
graph on n vertices in which each edge is assigned unit weight, a minimum-weight m-connected spanning subgraph is
simply anm-connected graph on n vertices with as few edges as possible. In [1], they denoted by f (m, n) the least number
of edges that an m-connected graph on n vertices can have (assumed that m < n), f (m, n) ≥ {mn/2}. They showed that
equality holds in f (m, n) ≥ {mn/2} by constructing an m-connected graph Hm,n on n vertices that has exactly {mn/2}
edges. This motivates, the discussion of E-super vertex magic labeling for the graph Hm,n. The definition of Hm,n is given in
Section 3.
The following definition and results that will subsequently be very useful to prove some theorems.
Definition 1.1 ([6]). The corona G1 ◦ G2 of two graphs G1 and G2 is formed by taking one copy of G1 (which has p1 vertices)
and p1 copies of G2 and then joining the ith vertex of G1 to every vertex in the ith copy of G2. C+n is nothing but a corona
G1 ◦ G2 where G1 = Cn and G2 = K1.
Lemma 1.2 ([10]). If a non-trivial graph G is super vertex magic, then the magic constant k is given by k = q+ p+12 + q(q+1)p .
Theorem 1.3 ([10]). Let G be a graph and g is a bijection from E(G) onto {1, 2, 3, . . . , q}. Then g can be extended to a super
vertex magic labeling of G if and only if

w(u) =v∈N(u) g(uv)/u ∈ V (G) consists of p sequential integers.
Lemma 1.4 ([8]). If G has a vertex magic total labeling then q ≥ 2p3 .
2. Main results
In this section, we prove some basic properties of E-super vertex magic labeling. Using these properties and as well as
the above results stated in the previous section, we prove the existence or non-existence of E-super vertex magic labeling
for some families of graphs.
Theorem 2.1. If G has a E-super vertex magic labeling with magic constant k, then k ≥ 29p+2118 .
Proof. This result directly follows from Lemmas 1.2 and 1.4. 
Sharpness. If n is odd and n ≥ 3, then Pn is E-super vertex magic with magic constant k = 29p+2118 (See Figs. 1 and 2).
Theorem 2.2. If G is connected and G has a E-super vertex magic labeling with magic constant k, then k ≥ 5p−32 .
1768 G. Marimuthu, M. Balakrishnan / Discrete Applied Mathematics 160 (2012) 1766–1774
Fig. 1. P3 : p = 3, q = 2 and k = 6.
Fig. 2. P7 : p = 7, q = 6 and k = 16.
Proof. If G is connected, then q ≥ p− 1. By Lemma 1.2,
k = q+ p+ 1
2
+ q(q+ 1)
p
≥ p− 1+ p+ 1
2
+ (p− 1)(p− 1+ 1)
p
= 5p− 3
2
. 
Sharpness. The path Pn is E-super vertex magic with magic constant k = 5p−32 if and only if n is odd and n ≥ 3. (See Figs. 1
and 2).
Theorem 2.3. If G has a E-super vertex magic labeling then p|q(q+ 1) if p is odd and p|2q(q+ 1) if p is even.
Proof. This result follows directly from Lemma 1.2. 
Theorem 2.4. Let G be a (p, q) graph. If p is even and q = p− 1 or p, then G is not E-super vertex magic.
Proof. Suppose there exists a E-super vertex magic labeling of Gwith magic constant k. Then by Lemma 1.2, k = q+ p+12 +
q(q+1)
p .
Suppose q = p− 1. Then
k = p− 1+ p+ 1
2
+ (p− 1)(p− 1+ 1)
p
= p− 1+ p+ 1
2
+ p− 1
= 2p− 2+ p+ 1
2
which is not an integer.
Suppose q = p. Then
k = p+ p+ 1
2
+ p(p+ 1)
p
= p+ p+ 1+ p+ 1
2
= 2p+ 1+ p+ 1
2
which is not an integer.
Hence G is not E-super vertex magic. 
Corollary 2.5. If p is even, then every tree T is not E-super vertex magic.
Corollary 2.6. C+n (Cn sun graph) is not E-super vertex magic for all n.
Proof. In C+n , p = 2n and q = 2n. By the above theorem, C+n is not E-super vertex magic. 
Theorem 2.7. The generalized Petersen graph P(n,m) is not E-super vertex magic if n is odd.
Proof. Suppose there exists a E-super vertexmagic labeling of P(n,m)withmagic constant k. By Lemma 1.2, k = q+ p+12 +
q(q+1)
p . Here p = 2n and q = 3n, then k = 8n+ 2+ n2 which is not an integer. 
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Theorem 2.8. The fan graph Fn is E-super vertex magic if and only if n = 2.
Proof. Suppose there exists a E-super vertex magic labeling for Fn with magic constant k. Then by Lemma 1.2, k = 2n −
1+ n+22 + (2n−1)(2n)n+1 = 13n
2+n
2n+2 which is not an integer for all n except 2, 3 and 11. We can easily verify that F3 is not E-super
vertex magic.
E-super vertex magic labeling for F2 is
For F11:
Suppose there exists a E-super vertex magic labeling for F11, with magic constant k, then by Lemma 1.2, k = 21 + 132 +
(21)(22)
12 = 66. Suppose, if the edges incident with u receives the minimum label 1–11, then the sum of the edge label at u =
66. Clearly the vertex label at u is greater than or equal to 22 (minimum vertex label). Hence k = f (u)+11i=1 f (uvi) ≥ 88,
which is a contradiction to the magic constant. Therefore F11 is not E-super vertex magic. 
3. E-super vertex magicness of Hm,n
In this section, we discuss the E-super vertex magicness ofm-connected graph Hm,n on n vertices.
In [1], Bondy andMurty constructed anm-connected graphHm,n onn vertices that has exactly {mn/2} edges. The structure
of Hm,n depends on the parities ofm and n; there are three cases.
Case 1. m even. Let m = 2r . Then H2r,n is constructed as follows. It has vertices 0, 1, . . . , n − 1 and two vertices i and j are
joined if i− r ≤ j ≤ i+ r (where addition is taken modulo n).
Case 2. m odd, n even. Let m = 2r + 1. Then H2r+1,n is constructed by first drawing H2r,n and then adding edges joining
vertex i to vertex i+ (n/2) for 1 ≤ i ≤ n/2.
Case 3.m odd, n odd. Letm = 2r+1. Then H2r+1,n is constructed by first drawing H2r,n and then adding edges joining vertex
0 to vertices (n− 1)/2 and (n+ 1)/2 and vertex i to vertex i+ (n+ 1)/2 for 1 ≤ i < (n− 1)/2.
But Harary introduced the graphs Hm,n with slightly different notion [5]. We follow the definition of Hm,n given in [1].
Theorem 3.1. Hm,n is not E-super vertex magic if both m and n are even.
Proof. Suppose there exists a E-super vertex magic labeling of Hm,n with magic constant k. Then by Lemma 1.2,
k = q+ p+ 1
2
+ q(q+ 1)
p
= m
2n+m(2n+ 2)+ 2n+ 2
4
.
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Sincem is even,m = 2r . Therefore
k = 4r
2n+ 2r(2n+ 2)+ 2n+ 2
4
= 2r
2n+ r(2n+ 2)+ n+ 1
2
= r2n+ rn+ r + n+ 1
2
.
If n is even, n+12 is not an integer.
Thus k is not an integer for all evenm and n. Hence Hm,n is not E-super vertex magic. 
Theorem 3.2. Hm,n is not E-super vertex magic if m is odd and 4 does not divides n.
Proof. Suppose there exists a E-super vertex magic labeling of Hm,n with magic constant k. Then by Lemma 1.2 and
Theorem 3.1, k = m2n+m(2n+2)+2n+24 .
Ifm is odd, letm = 2r − 1, then
k = (2r − 1)
2n+ (2r − 1)(2n+ 2)+ 2n+ 2
4
= (4r
2 − 4r + 1)n+ 4rn+ 4r − 2n− 2+ 2n+ 2
4
= 4r
2n+ 4r + n
4
= r2n+ r + n
4
which is not an integer.
Hence Hm,n is not E-super vertex magic. 
Corollary 3.3. Hm,n is not E-super vertex magic if both m and n are odd.
Theorem 3.4. H4,n is E-super vertex magic if and only if n is odd.
Proof. Suppose there exists a E-super vertex magic labeling of H4,n with magic constant k. By Theorem 3.1, H4,n is not
E-super vertex magic if n is even.
Let n be an odd integer. Let the vertex set ofH4,n beV = {v1, v2, v3, . . . , vn} and let the edge set ofH4,n be E = {vivi+1/1 ≤
i ≤ n− 1} ∪ {vnv1} ∪ {vivi+2/1 ≤ i ≤ n− 2} ∪ {vn−1v1} ∪ {vnv2}.
Define f : V ∪ E → {1, 2, 3, . . . , 3n} as follows:
f (v1) =

1
2
(6n+ 1− i) for i ≡ 1 (mod 2)
1
2
(5n+ 1− i) for i ≡ 0 (mod 2)
f (vivi+1) =

1
2
(n+ 2+ i) for i ≡ 1 (mod 2), i ≠ n
1
2
(i+ 2) for i ≡ 0 (mod 2)
f (vnv1) = 1
f (vivi+2) =

2(n− i) for i = 1, 2, . . . , n− 1
2
3n− 2i for i = n+ 1
2
,
n+ 3
2
, . . . , n− 2
f (vn−1v1) = n+ 2
f (vnv2) = 2n.
It is easily seen that f is a E-super vertex magic labeling with the magic constant k = 13n+52 (see Fig. 3). 
Note that H4,7 can be decomposed into two Hamilton cycles. The labels on the edges of one of the Hamilton cycles in
Fig. 3 are 4, 1, 5, 2, 6, 3, 7. The edges of the other Hamilton cycle are labeled by 11, 8, 12, 9, 13, 10, 14.
The graph H4,11 is another example of a graph that can be decomposed into two Hamilton cycles and is E-super vertex
magic. The labeling strategy is the same as in Figs. 3 and 4 and in the proof of the following theorem.
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Fig. 3. H4,7: p = 7, q = 14 and k = 48.
Fig. 4. H4,11, p = 11, q = 22 and k = 74.
Theorem 3.5. Let G be a (p, q) graph of odd order. If G can be decomposed into two Hamilton cycles, then G is E-super vertex
magic.
Proof. Assume that G has p-vertices, the length of the Hamilton cycle is odd say p = 2m+ 1. Thus the number of edges in
G is q = 4m+ 2. As in the previous example, we label the Hamilton cycles with the following manner.
We choose a vertex v1 and label the edges of the first Hamilton cycle starting at v1 with clock wise direction by
p+ 1
2
, 1,
p+ 3
2
, 2,
p+ 5
2
, . . . ,
p− 1
2
, p.
Then we label the edges of the second Hamilton cycle starting at v2 with anti clock wise direction by
3p+ 1
2
, p+ 1, 3p+ 3
2
, p+ 2, . . . , 3p− 1
2
, 2p.
Then by direct inspection, the sum of the edge labels at all the vertices are of p consecutive integers. Then by Theorem 1.3,
the result follows. 
Theorem 3.6. If a graph G can be decomposed into two spanning subgraphs G1 and G2 where G1 is E-super vertex magic and G2
is magic and regular, then G is E-super vertex magic.
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Proof. Let q1, q2 denote the number of edges of G1 and G2 respectively. Let f1 and f2 denote the E-super vertex magic and
magic labeling of G1 and G2 respectively.
We label the edges of G in the following way.
Define f : E(G)→ {1, 2, . . . , q1 + q2(=q)} by
f (e) =

f1(e) if e ∈ E(G1)
f2(e)+ q1 if e ∈ E(G2).
Then for any vertex u ∈ V (G),
w(u) =

uv∈E(G)
f (uv)
=

uv∈E(G1)
f (uv)+

uv∈E(G2)
f (uv)
=

uv∈E(G1)
f1(uv)+

uv∈E(G2)
(f2(uv)+ q1)
=

uv∈E(G1)
f1(uv)+ f ∗2 (u)+ rq1, since G2 is r-regular
=

uv∈E(G1)
f1(uv)+ some constant, since G2 is magic.
Therefore {w(u)/u ∈ V (G)} consists of p consecutive integers. Then by Theorem 1.3, G is E-super vertex magic. 
Theorem 3.7. If a graph G can be decomposed into two E-super vertex magic spanning subgraphs G1 and G2 where G2 is regular,
then G is E-super vertex magic.
Proof. Let q1, q2 denote the number of edges ofG1 andG2 respectively. Let f1 and f2 denote the E-super vertexmagic labelings
of G1 and G2 respectively. We label the edges of G in the following way,
Define f : E(G)→ {1, 2, . . . , q1 + q2(=q)} by
f (e) =

f1(e) if e ∈ E(G1)
f2(e)+ q1 if e ∈ E(G2).
Then for any vertex u ∈ V (G),
w(u) =

uv∈E(G)
f (uv)
=

uv∈E(G1)
f (uv)+

uv∈E(G2)
f (uv)
=

uv∈E(G1)
f1(uv)+

uv∈E(G2)
(f2(uv)+ q1)
=

uv∈E(G1)
f1(uv)+

uv∈E(G2)
f2(uv)+ rq1, since G2 is r-regular.
SinceG1 is E-super vertexmagic, by Theorem1.3 {w(u)/u ∈ V (G1)} consists of p consecutive integers say t+1, t+2, . . . , t+
p. Since G2 is E-super vertex magic, by Theorem 1.3 {w(u)/u ∈ V (G2)} consists of p integers say, s + 1, s + 2, . . . , s + p.
Then we adding these consecutive integers in the following manner.
t + 1, t + 2, t + 3, . . . , t + p− 2, t+p−1, t + p
s+ p, s+ p−12 , s+ p− 1, . . . , s+ p+32 , s+ 1, s+ p+12
s+t+p+1, s+t+ p+32 , s+ t+p+2, . . . , s+ t+ 3p−12 , s+ t+p, s+ t+ 3p+12
we have p+ 1, p+32 , p+ 2, . . . , 3p−12 , p, 3p+12 .
Rearrange these numbers, we have the following p consecutive integers,
p+ 3
2
,
p+ 5
2
, . . . , p− 1, p, p+ 1, . . . , 3p− 1
2
,
3p+ 1
2
.
Thus {w(u)/u ∈ V (G)} = { p+32 , p+52 , . . . , 3p−12 , 3p+12 }, consists of p consecutive integers. Hence by Theorem 1.3, G is
E-super vertex magic. 
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Fig. 5. E-super vertex magic labeling for H4,5(K5), p = 5, q = 10 and k = 35.
Fig. 6. E-super vertex magic labeling for H6,7, p = 7, q = 21 and k = 91.
For example, H6,7 can be decomposed into two E-super vertex magic spanning subgraphs H4,7 and C7. Therefore, H6,7 is
E-super vertex magic (see Fig. 6).
Theorem 3.8. If m is even and n is odd, then Hm,n is E-super vertex magic.
Proof. Hm,n can be decomposed into two spanning subgraphs Hm−2,n and Cn. Then we decompose Hm−2,n into two spanning
subgraphs Hm−4,n and Cn. Again we decompose Hm−4,n into two spanning subgraphs Hm−6,n and Cn. Continuing in this way,
finally we have the two spanning subgraphs H4,n and Cn. We know that H4,n and Cn are E-super vertex magic if n is odd.
Then by Theorem 3.7,H4+2,n is E-super vertexmagic. We applying the above Theorem 3.7 successively, we have the E-super
vertex magic labeling for Hm,n if n is odd andm is even. 
Corollary 3.9. Kn is E-super vertex magic if n is odd.
Proof. As an application of the above theorem, Kn is E-super vertex magic since Kn = Hn−1,n. 
The above figures describe the proof of the above theorems (see Figs. 5 and 6).
Now it remains only to discuss the casem odd and n even for the graph Hm,n.
From Tables 1 and 2 , we suspect that a E-super vertex magic labeling exists for Hm,n if m is odd and n ≡ 0 (mod 4).
Therefore we conjecture that a E-super vertex magic labeling exists for Hm,n ifm is odd and n ≡ 0 (mod 4).
Conjecture 3.10. If n > 4, n ≡ 0 (mod 4) and m is odd, then Hm,n has a E-super vertex magic labeling.
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Table 1
E-super vertex magic labeling for H7,8, p = 8, q = 28 and
k = 134.
f (u) 36 34 30 32 33 35 29 31
36 0 15 13 28 12 25 3 2
34 15 0 5 4 14 18 17 27
30 13 5 0 22 26 7 21 10
32 28 4 22 0 9 8 20 11
33 12 14 26 9 0 16 1 23
35 25 18 7 8 16 0 19 6
29 3 17 21 20 1 19 0 24
31 2 27 10 11 23 6 24 0
Table 2
E-super vertex magic labeling for H11,12, p = 12, q = 66 and k = 491.
f (u) 75 67 77 74 71 70 72 78 73 68 69 76
75 0 31 33 48 4 47 44 57 23 9 53 17
67 31 0 11 61 64 40 8 56 1 41 29 32
77 33 11 0 37 46 15 21 16 60 36 30 59
74 48 61 37 0 35 25 3 18 64 24 39 12
71 4 64 46 35 0 5 43 45 66 10 14 38
70 47 40 15 25 5 0 34 52 20 54 28 51
72 44 8 21 3 43 34 0 58 49 19 63 27
78 57 56 16 18 45 52 58 0 7 26 6 22
73 23 1 60 65 66 20 49 7 0 62 13 2
68 9 41 36 24 10 54 19 26 62 0 42 50
69 53 29 30 39 14 28 63 6 13 42 0 55
76 17 32 59 12 38 51 27 22 2 50 55 0
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